Abstract. We describe a method for including gravitational effects in all amplitudes of Feynman diagrams from Quantum Field Theory. The method starts by assuming infinite dimensional space-time and then inserting geometric dimensional constraints in the the integrals by means of delta functions on the volume of all 5-simplices made from any 6 vertices in the Feynman graphs. These delta functions are then replaced by blunter distribution functions, thereby creating quantum uncertainty in the dimensions of space-time and, as an unavoidable bi-product, adding gravitational effects in the amplitudes. The rewriting of Quantum Field theory exclusively in terms of Lorenz invariant quantities is of great importance to this process. This method allows one to calculate graviton scattering in Feynman diagrams with a minimum of 6 vertices. The theory is background independent. 4 dimensional Minkowski space-time emerges only in the limit. This is very different to Simplical Quantum gravity in which space-time is imagined to be built up of 4-simplices in a very different way and can exists without matter.
Introduction
Modern physical theories such as Quantum Field Theory and General Relativity are usually formulated with respect to some coordinate system. We are free to choose which coordinate system we use and therefor the equations of these physical theories must be invariant with respect to these coordinate changes. Coordinate systems are most useful when describing things in terms of macroscopic objects such as the 'fixed' stars or some macroscopic laboratory apparatus. However it has been argued, notably by Penrose [1] and others, that when we are looking at the microscopic quantum world to describe the very foundations of space and time then we should abandon coordinate systems for a more geometrical approach.
The usual approach has tended to be to concentrate on the momentum or angular momentum picture using such concepts as spin-networks. Here we shall concentrate on the equivalent and more intuitive space-time picture. In such an approach, the equations refer to Lorenz invariant, phase invariant and gauge invariant quantities such as the 4-dimensional distances between two events or the relative angle between two phases or polarisation vectors. These equations then have no internal symmetries since all the quantities are already invariant with respect to such symmetries and the actual physics of the equations becomes clearer. After this process what we are left with is a choice of space-time and choice of gauge group. We shall find that by inserting quantum fuzziness into the constraints which determine the space-time dimension we can incorporate a gravitational force into the theory. This is similar to the way Loop Quantum Gravity is formulated except in the space-time picture instead of the momentum picture.
In the following we shall use the Planck unitsh = G = c = 1.
Green's Function Propagators
In coordinate based quantum field theory the probability amplitude for a virtual scalar particle to start at point x and travel to point y is given by the Green's function propagator:
The infinitesimal volumes are due to the fact that really we can only assign a finite probability to the possibility for a particle to begin in a certain small space-time volume and end up in another small space-time volume.
It will be useful think of the coordinates of the points x and y as being distances to 4 points at infinity on each of the 4 axis. Now, we can instead choose any other 4 points and use the distances between them and the points x and y to give their positions in 4-dimensional space. We want to do this because these 4-dimensional distances are all Lorenz invariant quantities. Let these 4 points be labelled 1, 2, 3 and 4. Let the starting position be labelled 0 and let the ending position be labelled 5.
We can now describe a 4-dimensional particle by its relation 4 other space-time points. So for example we can define the field of a particle over the distances to these 4 points.
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The propagator can now be written in terms of these distances.
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with a, b = 0 and c, d = 5. Where V 6 is the volume of the 5-simplex formed from the 6 points in question. In a 4-dimensional space this volume must be zero. For a Euclidean space this would be proportional to the square root of the Cayley-Menger determinant of the distances r ij . It is shown in the appendix that the only change for Minkwoski space-time over Euclidean space is the minus sign in the delta function. It is important to note here that since we have effectively abandoned the coordinate system here, the only way of knowing what type of space we are in is the relationships between the distances. Knowing that the 'volume' of all 5-simplices formed from the distances between 6 points in the space are 0 tells us that is a 4D space-time we are in (or a subspace thereof). As another example, knowing that all volumes of tetrahedrons are zero would tell us that we are in a Euclidean plane (or subspace thereof) because all tetrahedrons in two dimensional space must be flat. Inserting this delta function here ensures that the space is Minkowski. Ω are the measures to give the correct infinitesimal volumes because we are no longer in an orthogonal coordinate system. [2] Now we have not done anything yet apart from rewrite the normal propagator function in terms of new coordinates (in fact, not coordinates but 4-dimensional distances). But now, let us replace the delta function with a less sharp probability distribution function. For example let us replace it with a simple reciprocal function. This is similar to the procedure from going from on-shell to off-shell physics in Quantum Field Theory. We are going from 'on-dimension' to 'off-dimension' physics. We now have a system in which no longer obeys the geometry of 4-dimensional flat space at short distance scales. Although, it does approximate to 4-dimensional flat space at long distance scales. Thus we have a breakdown of 4-dimensional geometry at small distances in a similar fashion to Loop Quantum Gravity. We have chosen the reciprocal function here because it is simple and has the right properties such as tending towards zero in the large distance limit however other functions can be chosen that have similar properties. The ultimate choice of function will depend on factors such as Unitariness and finiteness of the corresponding amplitudes. In this paper we are only demonstrating the method by which gravity can enter Quantum Field Theory though not necessarily specifying the exact form that the final theory will take.
Our new propagator now has the form:
What we have shown is that to describe the simplest dynamic process, the propagation of a particle from point x to point y, in this manner we need a minimum of 6 points or rather the 15 distances between 6 points. The 4 points that we chose to orientate our diagram can be imagined to be part of some macroscopic laboratory apparatus.
We can rewrite the rest of quantum field theory in a similar manner. Our system would then consist of complete Feynamn-type graphs with at least 6 vertices. Each 5-simplex that can be made from any 6 vertices will add the 'graviton factor':
which ensures that the resulting space approximates to 4 dimensional space in the large distance limit. Thus the 'propagator' for the graviton is not applied to a line between two points but to a simplex between 6 points. Again note the similarity with loop quantum gravity in which the fundamental object is the loop. We see that the graviton propagator is also attached to the 4 points on our laboratory apparatus showing that the gravitational effects of our laboratory apparatus cannot be ignored in our calculations since we cannot ignore the distortions in space-time between our system of particles and the surrounding apparatus which we use as a reference frame. Just as in General Relativity, gravity alters the coordinate system and, in turn, the coordinate system is altered by gravity.
Large distance behaviour
Imagine the 5-simplices stretched out into a line of space-time distance R so that 3 points are on one end and the other 3 on the other end then the graviton factor becomes −1
suggesting that this gives rise to an inverse square law attraction between all matter, forces and the gravitational field itself. Thus our proposition is that the infinite dimensional space of distances that we have made approximates to Minkowski 3+1 dimensional space that we observe coupled to a gravitational force. The so-called 'curvature' of space-time geometry is now given by the sum of Feynman graphs made up of 5-simplices and the quantum fuzziness in the geometric constraints on these 5-simplices which means that they can stray from flat 4-dimensional Minkowski space (in which they would have zero volume). The vertices of these simplices must be the interaction vertices of Feynman diagrams since we don't assume that any other spacetime points 'exist' in any real sense. Hence, diagrams involving vacuum fluctuations would contribute positively to the geometry of space-time. We can't just have gravity existing independently as in Loop Quantum Gravity.
Polarisation, Spin and Gauge groups
Just as there is a connection between distances in D-dimensional space-time given by the null volume of D+1-simplices. There is a connection between the relative polarisation angles of a system of particles given by the null volume of spherical simplices. 2-point invariants include the following made of incoming and outgoing polarisation vectors and the direction vector of a propagator:
which we see can be written in terms of the relative angles of the vectors which are obviously Lorenz invariant. If, for the sake of argument, we find that the gauge group of particle physics is the group O(10) then there will be a connection between the gauge vectors given by the vanishing of particular spherical simplices made from the relative angles between the vectors. This is because not only the polarisation but the 'flavour' of a particle can be represented by a vector. For groups such as SU(5) we must use more exotic objects in complex space. For non-simple groups such as SU(3)xSU(3) there will be more than one constraint. The larger the symmetry (for example supersymmetry) the fewer constraints there will be but these constraints will involve polynomials of a very large number of invariants. One of the few internal symmetries left in the equations will be the discrete group of permutations of the invariants of the constraint polynomials which would be discrete groups of high order. Thus we have shifted our attention away from Lie groups in coordinate based Quantum Field Theory to discrete groups in invariant-based Quantum Field Theory.
For interactions involving spinor and vector particles we have the 3-point and 4-point invariants made of the polarisation, spin and flavour vectors of incoming and outgoing particles. For example the electron-electron-photon interaction involves the following invariant made from spin and polarisation vectors:
These can be thought as factors on 2-simplices (triangles) and 3-simplices (tetrahedrons) in the Feynman graph. For a large enough graph there will be a connection between these, not as simple as the previous constraints.
Just as we introduced a quantum fuzziness in the space-time dimensional constraints by replacing the delta function with a reciprocal, we should do the same thing with the spin and polarisation constraints.
This has a fascinating consequences. Just as the fuzziness in the dimensional constraints means that 4 dimensional space-time breaks down at small distances becoming essentially infinite dimensional, (the so-called 'quantum foam',) the fuzziness in the gauge constraints which determines the gauge group means that at small distances the gauge group is essentially unconstrained and thus at small distances the guage group is effectively O(∞). Hence the very idea of a fixed number of different particles breaks down at small distances. However, at large distances as the reciprocal function approaches zero, the particles resolve themselves into a fixed number. Thus if our method is correct, the questions 'how many dimensions are there?' and 'how many particles are there?' have different answers in the large scale and small scale sectors.
Summary
Here we shall summarise the recipe for going from 'on-dimension' coordinatebased physics to 'off-dimension' invariant-based physics and thereby introducing a gravitational force.
1. Let all distances between events in a Feynman graph be independent of one another thus creating an infinite dimensional theory.
2. Rewrite quantum field theory in terms of quantities such as 4-dimensional distances and relative polarisation angles which are Lorenz and gauge invariant.
3. For each 5-simplex created from any 6 events in a Feynman graph replace the delta-function dimensional constraint with the factor V −2 where V is the volume of the 5-simplex. Thereby leading to a theory which is approximately 4-dimensional in the large scale limit and has space-time curvature and quantum-foam in the small scale limit.
4. Follow the same procedure to add quantum uncertainty to the gauge constraints and other invariants.
Future Directions
This paper gave an outline of how inserting quantum fuzziness into the geometric constraints which determine the number of dimensions we can incorporate gravity in a similar manner to the Loop Quantum Gravity approach. Although intuitively the process of arriving at gravity through distortions of flat 4-dimensional space-time is similar to Einstein's method of General Relativity, a proof has yet to be given that on the large scale our method approaches the General Relativity equations or whether in fact it approaches some other set of higher derivative equations such as Conformal Gravity.
Secondly, we have not shown that replacing the delta function in our equations with the reciprocal function produces a theory which is finite or alternatively renormalizable. However, intuitively the insertion of these reciprocal functions into the Feynman graphs will make the integrals more convergent rather than less convergent.
Thirdly, we have not shown that the theory produces results which are 'unitary' by which we mean, in this situation, that the probabilities for a complete set of events happening at any particular time sum to unity. This is made more complicated by not having a coordinate system with one axis labelled as the time axis.
Conclusion
What we have demonstrated is that by taking a more geometrical approach to Quantum Field Theory we lay bare the essentials of the theory and are forced to think about the very questions which are at the edge of our current knowledge such as why there are 4 dimensions of space-time, what is the Yang-Mills gauge group, what is space-time and how quantum gravity may effect the answers to these questions at small scales. By simply searching for different Quantum Field Theory N-dimensional Lagrangians these questions can be hidden or seen as unapproachable. Importantly we have been able to describe space, time and gravity without ever mentioning the concept of a manifold which is in contrast to theories such as General Relativity and Superstring Theory in which the concept of a space-time continuum based on topological manifolds is essential to the theory.
By following this method of adding gravity and 'quantum-foam' into normal Feynman diagrams we can quickly experiment with different quantum gravity formulations and make calculations of space-time distortions in the usual Feynman diagram formulism without the need for such things as summing over different spacetime manifolds. In this case the scalar particle sector is most easy to deal with since polarisations add additional complications.
One of the more interesting things to come out of this method is the move away from a group perspective and a move towards an equivalent constraint perspective. This is because once you allow quantum uncertainty in the constraints, the groups are then only valid in a certain limit. By examining the equivalent picture of constraints new light may ultimately be shed on the group perspective.
Appendix
Because most people will be more familiar with coordinate geometry than distance geometry, we give a few examples of the types of objects one uses in distance geometry.
n-Simplex
An n-simplex is often described as a simplex in n dimensional space. Here we shall simply say that is is a collection of n+1 points and the distances between them which are a collection of n(n+1)/2 numbers.
Distance Calculus
When going from coordinate space to distance space the following is useful. The Ndimensional box derivative (or D'Alembert operator ) at the point 0 can be converted to:
(11) similarly all N-dimensional Lorenz invariant calculus on coordinates can be converted into calculus on N-dimensional distances simply by a change of variables. This allows us to calculate such things as wave functions and 3 and 4-point Green's functions for the scattering of scalar particles in terms of the 4-dimensional distances between start and end points.
Cayley-Menger Determinant
The volume of a 3-simplex (a tetrahedron), for example, is proportional to the square root of Cayley-Menger determinant of the distances between its 4 vertices:
If this is zero for every set of 4 points in some space then that space must be a subspace of Euclidean 2D space. This is the geometric, background independent, way of defining the dimension of space. This is clearly a polynomial on the r ij values which is why we talk about 'polynomial constraints'.
4-dimensional distance
By the 4-dimensional distance between points x and x ′ we mean the value r which in the coordinate theory is given by:
The minus signs in the metric makes no difference to the formulas in distance calculus. The signs only tell us which sector our coordinate axis are in; either space-like or timelike. Once we abandon the coordinate axis, this information is not longer important. The only thing one must be aware of is which sector one is integrating over. As an example, consider the tensor product over the metric with diagonal entries (±1, ±1, ±1, ±1):
which is entirely independent of the signs in the metric.
N-dimensional triangle inequality
The N-dimensional equivalent of the triangle inequality states that in an N-dimensional space, there are two sectors to choose from. In one sector the volume given by the Cayley-Menger formula of any N-simplex is real and in the other sector it is imaginary. In Minkowski space-time, the two sectors are referred to as space-like and time-like. If we specifically wanted to integrate over only one of the sectors we could insert the step functions into our integrals:
8.6. Distance-squared geometry
In most cases in distance calculus we never need to know the value of the distance r only its square value. We should therefor view the squared value as being somehow more fundamental. So let us define:
This has the advantage of always being a real number for all sectors of space-time. Many of the formula become simpler using this new variable. For example the N-dimensional box derivative now becomes:
showing that eigenfunctions of this operator will also depend on R ij . We can also integrate over these new variables by making the usual variable substitution in the integrals.
